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Let A be an artin algebra. We denote by A-mod the category of finitely 
generated left A-modules, by Ta the Auslander-Reiten quiver of A and by 
DTr the Auslander-Reiten operator. In this paper we will not distinguish 
between an indecomposable A-module, its isomorphism class, and the 
vertex in Ta corresponding to it. Following [R80] an indecomposable 
module M from A-mod is called directing if it does not belong to a cycle 
M+M,-+M,+ ... + M, -+ M of nonzero nonisomorphisms between 
indecomposable modules from A-mod. Directing modules have played an 
important role in the representation theory of algebras: preprojective 
components and preinjective components in general and connecting 
components of tilted algebras consists entirely of directing modules. 
This paper is devoted to give a proof of the following result and deter- 
mining some of its consequences on the structure of connected components 
of Ta containing directing modules. 
THEOREM 0.1. Let A be an artin algebra and Gf? a connected component 
of r, consisting entirely of directing modules. Then V has only finitely many 
DTr-orbits. 
The paper is organized as follows. Section 1 is devoted to give the proof 
of the theorem. In Section 2 we prove some results on the structure of 
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connected components of rA containing directing modules when A is a 
finite dimensional algebra over an algebraically closed field. In particular 
we show that in this case each T,d admits at most finitely many connected 
components consisting entirely of directing modules. In Section 3 we 
present an example showing that the number of DTr-orbits in a connected 
component of rA formed only by directing modules may be bigger than the 
rank of the Grothendieck group of A. 
For the basic definition and results concerning tilting modules and tilted 
algebras we refer the reader to [BSl, R84, R86]. 
1. PROOF OF THE THEOREM 
For an artin algebra .4 and a connected component 5%’ of Ta we denote 
by qP the translation subquiver of % obtained by removing the DTr-orbits 
of the projective modules and the arrows attached to them. By a module 
we mean a finitely generated left module. The theorem is an easy conse- 
quence of the following proposition. 
PROPOSITION 1.2. Let A be an artin algebra, 9? a connected component of 
T, and Gf$, be a connected component of %?r having the property that each 
DTr-orbit in GSO contains a module X such that the modules (DTr)’ X are 
directing for all natural numbers i. Then the number of DTr-orbits in W0 is 
less than or equal to the number of isomorphism classes of simple A-modules. 
In order to prove this proposition ‘we first establish the following lemma. 
LEMMA 1.3. Let the notation and the hypothesis be as in the proposition. 
If 01, 02, . . . . Ok are connected distinct DTr-orbits in W0 with k> 2, then 
there is an ideal I in A, modules Mi in Oi with IMi = 0 for i = 1, 2, . . . . k such 
that Ext::,(Mi, M,)=O for i, j= 1,2, . . . . k and such that the projective 
dimension of each Mi as an A/I-module is less than or equal to one. 
Proof Let the notation be as above. For each DTr-orbit Oi fix a 
module X, such that (DTr)jX; is directing for each natural number j. 
Consider the subquiver 0 of %$, consisting of vertices corresponding to the 
modules (DTr)j Xi, where i = 1, 2, . . . . k and j is any natural number. Since 
each module represented in the subquiver 0 is directing, the relation M 2 iV 
if and only if Horn, (M, N) # 0 induces a partial ordering on the vertices 
of 0. Since the 0;s are supposed to be connected and containing no vertex 
corresponding to a projective module, also 6 is an infinite connected quiver 
except for possibly a finite number of vertices. Therefore by choosing other 
modules Xi we may without loss of generality assume that 0 is connected 
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and consists by construction of only vertices corresponding to directing 
modules. Fix a module X in 0 and let for each natural number j, 5$ be 
the set of vertices of & which is greater than or equal to (DTr)’ X in the 
partial order on 0. Let Zj be the annihilator of 3 in A. Then 
Z, c I, G ... c I,,, c ... is an ascending chain of ideals in A, which then 
have to become stable after a finite number of steps, say at m. Denote this 
idea1 by I. Now choose modules Zk, Zz, . . . . 2, in Y such that 
Z, @ Z? 0 ... @Z, is a faithful A/Z-module. For each module V in 0 
greater than or equal to all modules Zi we have that Hom,,,(J, V) = 0 for 
each injective A/Z-module J. Therefore Hom,,,( , V) = Hom,( , V)/Y( , V) 
for each module V greater than or equal to all the modules Zi, where 
9 ( , V) denotes the morphisms factoring through an injective module. 
Combining this with the isomorphism DHom,!,( , DTr V) z Ext:!,( V, ), 
where D is the usual duality, we obtain that ExtL/,( V, ) is equal to 
DHom,,,( , DTr V) for each module in (? greater than or equal to all 
modules Zi. Hence for each module V in 0 greater than or equal to all the 
modules Zi we obtain that Exti,,( V, ) is right exact and therefore the 
projective dimension of such a module as an A/Z-module is at most one. 
Now choose a module M in fi which is greater than all modules Zi. Each 
DTr-orbit 0; n 0 in 0 is linearly ordered and therefore it follows that each 
of them contains a smallest element Mi greater than M. From this it 
follows that Hom,I,(Mi, DTr Mj)=O. Then the same isomorphism as 
above shows that Extii,(Mi, xi) =0 for all i,j= 1, 2, . . . . k. This completes 
the proof of the lemma. 
We can now prove the proposition and the theorem. 
Proof of the Proposition. Let the notation be as before. Let 
01, 02, . . . . 0, be distinct DTr-orbits in %$,. If there is only one DTr-orbit 
in $$, there is nothing to prove. If there are more than one orbit we 
may let k be greater than or equal to 2. Then according to the lemma 
there is an idea1 Z of A and modules Mi in Oi for i = 1,2, . . . . k 
such that A4 = M, 0 M, @ ... 0 Mk satisfies the properties ZM = 0, 
Exti,,( M, M) = 0 and M has projective dimension less than one as a 
A/Z-module. Then according to a result of Bongartz [B81], M may be 
extended to a tilting A/Z-module. Hence, k is less then or equal to the 
number of isomorphism classes of simple A/Z-modules, which again is less 
than or equal to the number of isomorphism classes of simple A-modules. 
Proof of the Theorem. When we are removing the DTr-orbits contain- 
ing projective modules from %?, the remaining translation quiver VP has a 
finite number of connected components ince Ta is locally finite. From the 
proposition it follows that each of these connected components has a finite 
number of DTr-orbits. Hence % has only finitely many DTr-orbits. 
481.147.1-10 
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2. APPLICATIONS OF THE THEOREM 
The aim of this section is to prove some consequences of our main result. 
Throughout this section, k will denote a fixed algebraically closed field. By 
an algebra A is meant a finite-dimensional basic indecomposable k-algebra. 
Hence A can be written as a bound quiver algebra A = kQ,/Z, where QA 
is the ordinary quiver of A and I is an admissible ideal in the path-algebra 
kQ,4. Sometimes we think of an algebra A as a finite k-category whose 
objects are given by the vertices of QA. Then A-mod is nothing but the 
category of finitely generated covariant functors from A to the category of 
finite dimensional k-vector spaces. We shall denote by S,(x) the simple 
A-module corresponding to the vertex x of QA, by P,(X) its projective 
cover, and by I, (x) its injective envelope in A-mod. A subcategory B of A 
is said to be convex in A if each path in QA with source and target in QB 
has all vertices in QB. Then, if B is a full convex subcategory of A, we may 
identify B-mod with a full subcategory of A-mod (by extensions by zeros). 
Recall that an algebra A is called tame if, for any dimension d, there exists 
a finite family of A - k[x]-bimodules Mi which are finitely generated and 
free as right k[xJ-modules (here k[~] denotes the polynomial algebra in 
one variable) and such that all but at most finitely many isomorphism 
classes of indecomposable A-modules of dimension d are of the form 
M, 0 ~[x]/(x - ,I) for some i and some 1 E k. 
PROPOSITION 2.4. Let A be a k-algebra and let the notation be as before. 
Let % be a connected component of rA, let %$ be a connected component of 
‘iFp, and let Z be a family of indecomposable A-modules from +ZO satisfying 
the properties below: 
(i) Z contains precisely one module from each DTr-orbit in G$,. 
(ii) C is convex. 
in Z.‘iii) Th 
ere are no paths from a projective module in %? to any module 
Let 9 be the translation subquiver of %? given by all predecessors of Z in 
V and assume all modules in 9 are directing. Then there is a hereditary 
algebra H of infinite representation type and tilting H-module T without 
preinjective direct summands such that the tilted algebra B = End,(T) is a 
furl convex subcategory of A-mod and 9 is a translation subquiver of a 
connecting component of I-, which is closed with respect to predecessors. 
ProojY Let the notation be as in the proposition. From Proposition 1.1 
we know that g,, has only a finite number of DTr-orbits. Denote by A, the 
support algebra of .X, i.e., A, is A/T,A, where ?,A is the ideal of A 
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generated by all images of morphisms from all projective modules P(x) 
such that S(x) is not a composition factor of any module N in 2. The 
quiver of A, is a full subquiver of QA which we denote by QA, and is also 
called the support of z. 
We first show that 9 consists of A,-modules. Let M be a predecessor of 
z in $9 and assume that M is not an AZ-module. Then Horn, (M, Z,d (x)) 
is nonzero for some x with Horn, (IV, I, (x)) = 0 for all modules N in ,?I. 
Choose a nonzero morphism f: M + Z,(x). Since all predecessors of z are 
directing, it is not hard to see that f factors through a direct sum of 
modules from ,?I:. This gives the desired contradiction. 
We next modify an argument from [B83] to show that A, is a full 
convex subcategory of A. Suppose A, is not convex in A. Then there exists 
a chain of arrows 
in QA for m 2 3 such that a, and a,,, are in QAI- but a,, . . . . a,,-, are not in 
QAI. Let E = A/I, where I is the ideal in A generated by the elements a,a, + , 
for i = 1, . . . . m - 1, the elements a,P for all arrows p starting in a, and the 
elements ya, _, for all arrows y ending in a,,- r. Clearly Z is contained 
in r,A so any AI-module is an E-module. Further there is a sequence 
ZE(am)+ V,-? -+ ... -+ V, + P,(a, ) of indecomposable E-modules and 
nonzero morphisms starting in the injective E-module Z,(a,) and ending 
in the projective E-module P,(a, ), where the modules Vi are of length two. 
Since a, and a,,, are in QA, there are modules X and Y in C such that 
Hom,(P,(a,), X) and Hom,(Y, Z,(a,)) are both nonzero. However, 
since a2 and an, _ 1 are not in Qt, all morphisms from P,(a, ) to X belong 
to the infinite power of the radical of E-mod and therefore also to the 
infinite power of the radical of A-mod. Further, since g0 is connected and 
there is no projective module which is a predecessor of z in %‘, there are 
only a finite number of predecessors of E which is not a predecessor of Y. 
Now choose a nonzero morphism f from P,(al) to X which is in the 
infinite power of the radical of A-mod. Then f factors through infinitely 
many modules Lj such that each L, is a direct sum of predecessors of X and 
such that Lj and Lj has no direct summands in common for i#j. Hence 
there exists a chain of nonzero morphisms between indecomposable 
A-modules starting in P,(a, ) and ending in Y. Combining this sequence 
with the one from Y to Z,(a,+ ,) and then to P,(a,) we obtain a cycle in 
A-mod. This is the desired contradiction since Y is assumed to be directing. 
This shows that A, is convex in A. 
We next show that C is a slice in A, in the sense of Ringel [R84]. It is 
enough to show that C is convex in AI-mod. Using the same consideration 
142 SKOWROIkKI AND SMAL0 
as above with the infinite power of the radical, and that ,?I is convex as a 
subquiver of ‘8 we obtain our desired conclusion. 
We can then apply the results of [R84, Sect. 4.21 to conclude that A, is 
a tilted algebra and that 9 is the translation subquiver of a connecting 
component ‘8’ of I-,,,: given by all predecessors of the slice Z of $5”. 
Moreover, since B does not contain any projective modules, A, is 
isomorphic to End,(T), where H is a hereditary algebra of infinite 
representation type and T is a tilting H-module without preinjective direct 
summands. This completes the proof of the proposition. 
The following corollary is a consequence of the above proposition. 
COROLLARY 2.5. Let A be an algebra and v’ be a connected component 
of Ta without projective modules and consisting entirely of directing modules. 
Then there exists a hereditary algebra H of infinite representation type and 
a tilting H-module T without preinjective direct summands such that the tilted 
algebra B = End,( T) is a full convex subcategory of A and 97 is the connect- 
ing component of Ts. Moreover (f A is tame, then B is of Euclidean type and 
%? is the preinjective component of Ts. 
Proof Letting the notation be as before we observe that there exists a 
finite family C of modules in %? = $, = %YP satisfying the condition (i), (ii), 
and (iii) of the proposition. Let A, be the support algebra of Z. Then, 
as above, we know that ail successors of Z in % are AZ-modules, and 
consequently 9? is the connecting component of TaL. With B= A, the first 
part of the corollary follows. 
The last part of the corollary is a consequence of the fact that, if H is 
hereditary and a tilting H-module T has no preinjective direct summands, 
then B = End,(T) is tame if and only if B is of Euclidean type. 
As an immediate consequence we have. 
COROLLARY 2.6. Let A be an algebra. Then the following conditions are 
equivalent. 
(i) TA admits a connected component %? consisting of nonprojective 
directing modules and such that each simple A-module occurs as a composi- 
tion factor of some module in %?. 
(ii) There exists a hereditary algebra H of infinite type and a tilting 
H-module T without preinjective direct summands such that A = End,(T). 
Let A be an algebra. A connected component G$ of rA is called a regular 
component provided it neither contains a projective nor an injective 
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A-module. In CR883 it was proved that a hereditary quiver algebra H= kA 
has a regular tilting module if and only if A has at least three vertices and 
is neither of Euclidean nor of Dynkin type. Moreover, if T is a regular tilt- 
ing H-module and B = End,(T), then the connecting component of Ts is 
a regular component consisting entirely of directing modules and is of the 
form ZA x, where A X is the opposite quiver of A. The following corollary 
shows that such components exhaust all regular components consisting 
entirely of directing modules. 
COROLLARY 2.1. Let A be an algebra and V be a regular connected com- 
ponent of PA consisting of directing modules. Then there exists a hereditary 
algebra H with at least three nonisomorphic simple modules which is not 
tame and a regular tilting H-module T such that the tilted algebra 
B = End,(T) is a full convex subcategory of A and V is the connecting 
component of Trc. In particular A is not tame. 
Proof This follows from Corollary 2.2, the above remark and the fact 
that, for a tilted algebra B, a connecting component of fs is regular if and 
only if B = End,(T), where T is a regular tilting module over a hereditary 
algebra H. (See [R86, R88].) 
We may use this result to obtain the following. 
COROLLARY 2.8. Let A be an algebra. Then the following conditions are 
equivalent. 
(i) P,+ admits a connected regular component GF: consisting of directing 
modules and such that each simple A-module occurs as a composition factor 
of some module in V. 
(ii) There exists a hereditary algebra H not of tame type and a regular 
tilting H-module T such that A = End,(T). 
We have the following result about the number of connected components 
of fA consisting entirely of directing modules for an algebra A. 
COROLLARY 2.9. Let A be an algebra. Then rA admits at most finitely 
many connected components CC? consisting entirely of directing modules. 
Proof: Clearly fa admits at most finitely many nonregular connected 
components since there are only finitely many nonregular connected 
components all together. From Corollary 2.4 it follows that each regular 
connected component 55’ consisting entirely of directing modules is in one 
to one relation with a certain full convex subcategory of A. However, A 
144 SKOWROtiSKI AND SMALB 
contains only a finite number of full convex subcategories. This completes 
the proof. 
Recall that a connected component % of Td is called convex if any path 
in A-mod with source and target in V; has all its modules in %. Moreover 
% is called standard if the full subcategory of A-mod defined by V; is 
equivalent to the mesh category k(V) of ‘3 (see [R84]) 
COROLLARY 2.10. Let A be an algebra and % be a standard, convex, 
regular, and connected component qf rA containing a nondirecting module. 
Then 59 is a tube. 
Proof From [HPR] we know that a regular component containing 
a DTr-periodic module is a tube. In [Z] it is proved that if a regular 
connected component ‘S contains no periodic module, then % is of the 
form ZA for a locally finite quiver A without oriented cycles. From this we 
deduce that if a standard, convex, regular, connected component of f,, 
does not contain a periodic module, then all its modules are directing. This 
contradicts our assumption and hence the proof is complete. 
Combining this last result with Corollary 2.4 we obtain the following 
result. 
COROLLARY 2.11. Let A be a tame algebra and G$ be a standard, conves, 
regular, and cormected component of r. Then 55 is a tube. 
3. AN EXAMPLE 
Let k be an algebraically closed field and let ,4 be the k-algebra given by 
the quiver 
with the relations BG~, ytl, o/?, al’, and I$ Then A is a tame algebra of 
infinite representation type of global dimension three and therefore it is not 
a tilted algebra since a tilted algebra has global dimension at most two (see 
[R84]). The Auslander-Reiten-quiver f, of A consists of a P, (k)-family of 
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regular tubes of rank one and the following connected component G9 
consisting of directing modules. 
The modules P,, S,, I,, Ss, P,, S3, and I, form a sincere complete slice 
2 in %. Observe that Z is not convex in A-mod since there is a path 
P, + DTr S3 + S, in A-mod and DTr S3 does not belong to .Z. Moreover 
the number of DTr-orbits in ?Z is larger than the number of isomorphism 
classes of simple A-modules. 
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